PP36784. Proposed by Michaly Bencze.

Determine all x [O, %} for which 4sinx 4 geosx < 21+/2

Solution by Arkady Alt, San Jose,California, USA.

Let fix) = 49 + 4. Since fix) = /(£ - x) then max{fx) | x < [0,Z ]} -
max{f(x) | x e [o%}} We have f(x) = In4(45" cosx — 4%% sinx).

Noting that /(0) = In4 we assume for further that x € (0, z/4].

sinx cosx sinx
Then f'(x) = ——1n4 47 _ 4 ) and we will explore sign of 4 _ 4<%
f( ) SINX « COSX \ SIinx COsx P 9 sinx Cosx

Let h(t) = 47’,where t € (0,1/42 ]. Noting that 0 < sinx < cosx < 1/y2

for any x € (0,7/4) we obtain by Mean Value Theorem that
h(cosx) — h(sinx)
COSX — sinx

4COSX

l p—
= h'(c), where ¢ € (sinx,cosx) and A'(¢) = Lﬁl)
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c(—ln4—l>

“(clnd — 4c(Ind - 2
Since ¢ < 1/y2 then i'(c) = 2 (Clnj . 2 . _ (nd4-2) <0
C c 1/76‘2

. . 4sinx 4 cosx
because* In4 < /2. Hence, h(cosx) — h(sinx) < 0 < sy~ cosx > 0

and, therefore, f'(x) > 0 for any x € (0,7n/4]. Since f(x) increase on (0, /4]
then f(x) S/(%) = 2142 o gsinx 4 geosx < 21442 for any x € (0, /4]

T — 91+y2

and max{f(x) | x € [0, 2 }} =21+

* We will prove without using softs that In4 < /2.

Indeed, % <J2 = 49 <50and In4 < % = 4% < el < 20 < 7 where latter

327 327
100~ 230

and 3—;7) > 210 = 37 5 240 o (%)27 >28 = % . (%)13 >28 = % > (%)13).

inequality holds because ¢’ > 2.7° and 2.7° > 219 (since 2.7° =



